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Abstract. In this paper we use a generalized vector product to construct an exterior 
form A : (R") fc -> K©, where (™) = ; , k < n. Finally, for n = k - 1 we introduce 

the reversing operation to study this generalized vector product over palindromic and an- 
tipalindromic vectors. 
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Introduction 

It is well known that the vector product over R 3 is an alternating 2-linear function 
from R 3 x R 3 onto R 3 . Although this vector product is a natural topic to be studied in 
any course of basic linear algebra, there is a plenty of textbooks on this subject in where 
it is not considered over R". The following definition, with interesting remarks, can be 
found also in [3j[71[8]. Let 

A\ = (an, ai2, . . . , ai„) , . . . , A n -i = (a(„_i)i, ffl( n -i)2, ■ • • > a (n-i)n) 

be n-1 vectors in R n . The vector product over R n is a function x : (R n ) n_1 -> R n such 
that 

n 

x(Ai, A 2 , A„_i) = A 1 x A 2 x ■■■ x A n ^ = ^] (-l) 1+fe det (A fe ) e fc , (1) 

fc = 1 

where is the k— th unity vector of the standard basis of R n and Xk is the square matrix 
obtained through the deleting of the k— th column of the (dij)^ n _ 1 \ xn . Notice that in this 
case the function is not binary and sends a matrix M of size (n — 1) x n to a vector of its 
(„"]) maximal minors. 

One aim of this paper is to give an algorithm to construct, using elementary techniques, 
a function with domain in (R n ) and codomain r(Z) which will be an alternating fc-linear 
function that obviously generalizes the previous vector product defined over R n . 

Using techniques and methods of algebraic geometry we can see that the vector product 
obtained here, without signs, corresponds to the Pliicker coordinates of the matrix M, 
see [U [5]. Although this vector product is known and useful to define the concept of 
Grassmanian variety, see [4], we present an alternative construction, avoiding algebraic 
geometry, which lead us to known results that can be found as for example in [6]. 

Another aim of this work, following Q] [5], is the presentation of some original results 
concerning to the vector product for n = k — 1 in palindromic and antipalindromic vectors 
by means of reversing operation. 

The way as is presented this paper can allow to students and teachers of basic linear 
algebra the implementation of these results on their courses, this is our final aim. 
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1. A GENERALIZED VECTOR PRODUCT 

In this section we set some preliminaries, properties and the Cramer's rule as applica- 
tion of the generalized vector product. 

1.1. Preliminaries. Following [3][7] we define the generalized vector product over R n as 
the function 

x : (I")"" 1 — )■ I" 

such that for yli = (011,012, ■•■ , «in) , • • • , A n -i = ( ci(„- 1)1, «(„_ 1)2, ■ ■ ■ , O(n-i)n), n — 1 
vectors of R n , their vector product is given by 

n 

x(Ax,A 2 , Vi) = A a x A 2 x ■■• x A n _ x = ^(-l) 1+k det(X k ) e k , (2) 

fc=i 

where efe is the k— th element of the canonical basis for R n and Xfe is the square matrix 
obtained after the elimination of the k— th column of the matrix (an), n >„ . The def- 
inition presented in expression corresponds to a natural generalization of the vector 
product of two vectors belonging to R 3 . 

1.2. Some properties. Let Ax, A2, ■ ■ ■ , A n be vectors of K". The following statements 
hold. 

1) x (A\, A2, . . . , An-i) is an orthogonal vector for the given vectors. 

2) Assume a,/3 e R, B t € R n : 

A-l x A 2 x ■ • • x (aAj + /9Bj) x ■ • ■ x A n -i = 
Ai x A 2 x ■ ■ ■ x aAi x ■ ■ ■ x A n -\ + A± x A 2 x ■ ■ ■ x /3Bi x • ■ • x A n -i- 

3) Let the matrix A given by A — (Ax, A 2 , . . . , A n ): 

detA = Ai ■ (A 2 x ■ ■ ■ x A„) = (-1) 1+J A 3 ■ (A\ x ■ ■ ■ x Aj-i x A J+1 x A„) . 

4) The vectors Ai, A 2 , . . . , A„_i are n — 1 linearly dependent vectors for R" if and 
only if Ai x A 2 x ■ ■ ■ x A n -i = 0. 

It is well known that these properties can be proven using the properties of the determi- 
nant, see for example [3J[7]. 

1.3. Cramer's rule. Consider the following system of linear equations 

anxi + a 12 x 2 + ■ ■ ■ + ai n Xn = 61 
a 2 \X\ + a 22 x 2 + ■ ■ ■ + a 2n x n = b 2 

a n ixi + a n2 x 2 + ■ ■ ■ + a nn x n — b n 

that can be expressed in vectorial way as 

xxAi + x 2 A 2 + Vx n A n = B, (3) 

being Ai = (an, a 2i , . . . , a ni ) with i = 1,2, . . . ,n and B = (61, 62, ■ • ■ , b„). Suppose 
that det (Ax, A 2 , . . . , A n ) 7^ 0. For instance such system has unique solution that can be 
obtained applying the scalar product between the equation (|3} and A 2 x A3 x ■ ■ ■ x A n , 
so we obtain 

(xxAx + x 2 A 2 H h x n A n ) ■ A 2 x A 3 x ■ ■ ■ x A n = B ■ A 2 x A z x ■ ■ ■ x A n 

xxAx ■ A 2 x A 3 x ■ ■ ■ x A n = B ■ A 2 x Az x ■ ■ ■ x A n 
since Aj ■ Ai X A3 X • • • x A n = for j = 2, 3, . . . , n. Therefore 

_ B ■ A 2 x A 3 x ■■■ x A n _ det(B,A 2 ,A 3 ,--- ,A n ) , 
Xl ~ Ax ■ A 2 x A3 x ■ ■ ■ x An ~ det(Ax,A 2 ,A 3 , ■ ■ ■ , A n ) ' 
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In a general way, we can obtain 

B ■ A\ x A2 x • ■ • x Ai-i x A i+ i x • • • x A r , 



Ai ■ A! x A 2 x • • ■ 4,-1 x A i+1 x ■ ■ ■ x A n 

det (Ai, As, Aj-!,B, A i+1 ,- ■ ■ , A n ) 
det(Ai,A 2 ,A 3 ,--- ,A n ) 
det (Ai )J 4 a ,...,A i _i,B,A. i+lj • • • i An) 



det(Ai, A 2 , A 3 , ■•• ,A„) 
that is, the well-known Cramer's rule. 

2. Didactic way to define A: algorithm and properties 

In this section we propose a didactic way to define the exterior product A. To do this, 
we set an algorithm to the construction of A and as consequence of this construction arise 
some properties. 

2.1. Algorithm to the construction of A. Here we present an algorithm and some 
simple examples to illustrate it. 

Step 1. Consider n £ N and 1 < k < n, being k an integer. We define 
/ = {iifa ■ ■ ■ ik ■ 1 < h < fa < ■ ■ ■ < ik < n} , 

this means that the elements belonging to I are chains of numbers conformed in agreement 
with the lexicographic order. 

Example 1. For n = 5 and k = 3 we have 

7 = {123, 124, 125, 134, 135,145,234,235,245,345}. 

As we can see, #1 = (™) = (3) = 10. 

Example 2. For n = 5 and k = 2, we obtain = 10 and for instance I is given by 

I = {12, 13, 14, 15, 23, 24, 25, 34, 35, 45} . 
Step 2. We set that I should be ordered lexicographically. 

I m < 1(2) < ■ < /((»)) 

In this way, if I s G I, then there exists p (only one) such that I s — I(p)- Thus, we can 
define p as the rank of I s and will be denoted by r (J s ) = p. That is, p is the place of I s 
in I as set of ordered elements lexicographically. 

In Example [1] we can see that r (234) = 7, r (345) = 10. The same for Example [2] 
r (25) = 7, r (35) = 9. 

Step 3. Let ui = (tin, W12, • ■ ■ , win) , ■ ■ ■ ,ut = (uki,Uk2, • ■ ■ , Wfen), be fe vectors of R™, with 
k < n. Consider the matrix U = (uij) of order k x n conformed by these vectors. Assume 
ii*2 ■ ■ ■ ik £ I an d let Ui 1 i 2 ...i k be the matrix of order fc, conformed by the k columns 
ii, fa, ■ ■ • ,ik of U. From now on, U always will be a matrix of this kind. 

Example 3. Consider 

(ai a2 03 04 

61 b 2 b 3 b 4 

Cl C2 C 3 C4 

in this case, U123 = I 61 62 63 and U245 ~ 



(li 


(12 


03 


61 


b> 


63 


Cl 




C3 



a 5 
h 


)' 




Cg 






02 


"4 


as 


62 


64 


6 S 


C2 


C4 


Cs 



Notice that when we choose a particular number of columns of such matrix U exactly 
corresponds to delete of U the non-selected columns. 
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Step 4- Consider 



(R") fe := R" x 



Now we define the function exterior product A : (R n ) — s> RUJ as follows: 

A(£0 = E(- 1 ) G) " rWdet (^) e (i:)-rw+i. 

where e/ 



°(™)_ r (i)+i corresponds to the ((") — r(i) + l) — th unity vector of the standard 

basis of R(£). 

For convenience, we can write 

A (17) = A (tii, U2, ■ ■ ■ , Uk) = Ui A U2 A . . . A life. 

Example 4. Consider the vectors (2, 3, -1, 5) , (4, 7, 2, 0) G R 4 . The sector (2, 3, -1, 5) A 
(4, 7, 2, 0) 6e/onps to R© = R 6 . 7n tfiis cose 

I = {12,13,14,23,24,34}, 

/2 3 -1 5 
^ 4 7 2 

stic/i t/iai 
A (IT) = 



2 


3 




2 -1 




2 


5 




3 -1 




3 


5 


4 


7 


e 6 + 


4 2 


es - 


4 





e 4 + 


7 2 


e3 — 


7 






<:'2 



+ 



-1 5 
2 

= -2e 6 + 8e 5 + 20e 4 + 13e 3 + 35e 2 - 10e a 
= (-10,35,13,20,8,-2). 

Example 5. Consider the canonical basis for R 4 , f/iat is, ei = (1, 0, 0, 0), e% = (0, 1, 0, 0), 
e3 = (0, 0, 1, 0) and ei = (0, 0, 0, 1). Thus, the exterior product d A ej /or i < j is given by 

-(0,0,0,0,0,1) = -ee eR 6 , 



ei A e2 
ei A e 3 
ei A ei 
ei A e3 
e2 A ca 
e3 A e 4 



= (0,0,0,0, 1,0) = e 5 ei 6 , 

= -(0,0,0, 1,0,0) = -e 4 G 

= (0,0,1,0,0,0) =e 3 £R 6 , 

= -(0,1,0,0,0,0) = -e 2 6 

= (1,0,0,0,0,0) = ei G R 6 . 



As we can see, the set B — {ei A e2, ei A e 3 , ei A ei, e-z A e 3 , ei A e4, e 3 A e 4 } C R 6 is one 
basis for R 6 . 

Notice that in a given basis B for R n , the exterior product of them taken in sets of 
fc-elements without repetition constitutes a basis B' for II (*). 

2.2. Some properties of A. The following properties are satisfied by A: 

1) If k = n, then A (U) = det (U). 

2) If k = n — 1, then A is the generalized vector product. 

3) If n is even and k = 1, then U is orthogonal to A (U). 

4) A is k— linear, 

A (tii j . . . ,Ui + b, . . . ,Uk) = A (ui, . . . ,m, . . . , u k ) + A (tii, • ,u k ) . 

5) If M p is a permutation of two rows (being fixed the other ones) of M, then 
A(M P ) = - A(M). 
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6) If «i, ... , Uk are k (< n) linear dependent vectors of R n , then A (wi, . . . , Uk) = 
<E r(*). 

Proof. We proceed according to each item. 

1) Assuming k = n we have I ^ ) = I ) = ^ and r ^ ~ ^ (due t° I nas only one 



element). For instance 



A (tO = E(- 1 ) W " PWdefc (^)e ( » ) _ rW+1 

= deb(Ui). 

Trivially we can see that for R, ei = 1. 

(n\ ( n \ 

2) Assuming k = n — 1. we have , = = n, in this way, / has n elements. 

W v n - v 

Owing to the symmetry of I I , the election of n — 1 columns of the matrix [/ 

corresponds to the elimination of one column of U (precisely the avoided column 
in the election). In other words, we can see that 

Ui — X n _ r (j)_|_i 

where X n _ r ^ +1 corresponds to the matrix that has been obtained throughout 
U deleting the (n — r(i) + l)-th column such that 



M^) = E(- 1 ) ?l " r(l>det ( C/ 0e„- r{l )+i 



n — r 



^(_l)(—'-W+iHi det ( Di ) c 
iei 

n 
3=1 

Ml X ... X Itfc. 

3) For n = 2p and fc = 1, we have 11= 2p, thus, the cardinality of I is even and 



1 

I = {l,2,..., P ,p+l,...,2p}. 

Furthermore, r (i) = 1. In this way, A (U) £ R 2p . On the other hand, considering 
U = (mi, U2, ■ • ■ , M2 P ) and A (U) = (vi, «2, ■ ■ ■ , i>2j>), we obtain 

M* 7 ) = ^(-l) 2p_l det(f/ i )e 2p _ l+1 

ie-f 

2p 

= ^ (— 1)' Uje2 P -i+i 
i = i 

= («2p, — U2p-1, ■ • ■ ,«2, — Ul) , 

where it follows that vj = ( — 1) J+1 U2 P -j+x for j = 1, 2, . . . , 2p. Therefore 

U ■ A(U) — (Ul,«2, ■ • ■ ,M2p-l,M2p) ■ (li2p, — M2j,-1, . ■ • ,U2, — Ml) 

= U\U2p — U2U2p-l + . . . + U2p-lM2 — M2pWl 

= (MlU2p — U2pUi) + . . . + ( — 1) P+1 (u p U p+1 — Up+lUp) 

= 0. 



6 



P. ACOSTA-HUMANEZ, M. ARANDA, AND R. NUNEZ 



Items 4), 5) and 6) can be proven using the properties of the determinant in similar way 
as the previous ones. □ 

3. Reversing operation over a 

The reversing operation has been applied successfully over rings and vector spaces, see 
[2 [2]. In this section we apply the reversing operation to obtain some results that involve 
the exterior product with the palindromic and antipalindromic vectors. The following 
results correspond to a generalization of some results presented in [2]. Consider the matrix 
M = (m;,j) of size m x n. The reversing of M, denoted by %I is given by %I = (rrii,j), 
where th~ij = rm^n-j+i- We can see that the size of %I is m x n too. We denote by 

Jn = In the reversing of the identity matrix /„ of size n. Thus, the following properties 
can be proven, see [2]. 

1. The double reversing: 

m = = (!ru,„_j + i) = (mj, n _ ( „_ j+ i) +1 ) = (rrnj) = M, 

2. td = MJn 

3. JnJn = In- The following definitions were introduced in [2]. A matrix M is 

called palindromic whether it satisfies \l = M, in the same way, a matrix M is called 

antipalindromic whether it satisfies Ivf = —A/. In particular, for m = 1, we get palindromic 

and antipalindromic vectors respectively. 

As we can see, the palindromic matrix M satisfies that iriij = m;, n _j+i and for instance 
n n 
M has at least — pair of equal columns whether n is even (as well — — 1 when n is odd). 

This fact lead us to the following result. 



Proposition 6. det(J„) 



(-1)" /2 , n = 2k, k G Z+ 



1+3 



(-1) — , n = 2k - 1, k £ Z 4 



Proof. We proceed by induction over n. Assuming n — 1, we have that I n — 1 and J n = 1, 

1 + 3 

thus det (J n ) — 1 = (— 1) 2 • Let the proposition be true for n, thus we will prove that is 
also true for n + 1. We start considering that n is even, so we get 

det(Jn+i) = l(-l) 1+(n+1) det(J n ) 
= (-l) n+2 (-l)^ 

(n+l) + 3 

= (-1) 2 =(-1)— =— . 

Now, considering n as an positive odd integer, we have 

det(Jn+i) = l(-l) 1+(n+1, det(J„) 
= (-l) n+2 (-l)^ 

= (-iH-i) 2 * 2 

n+5 n+1 

= (-1)= =(-l)= . 

□ 

Now, we study the relationship between the exterior product A and the reversing op- 
eration. We start considering k = n — 1, that is, the generalized vector product over 
R™. Consider M\ = (ran,mi2, • • • ,mi„) , . . . ,M n -i = (m(n-i),i> a (n-i).2! • ■ • i m (n-i),n) > 
n — 1 vectors in R n . The generalized vector product is given by the equation {TJ, therefore 
we obtain 

n 

x (Mi, M 2 , M n _i) = ^(-l) 1+fe det(Af (fc) )e fe , (5) 
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being eu the fc-th element of the canonical basis for R n and M^ k ' is the square matrix 
obtained after the deleting of the fc-th column of the matrix M — ( m ij)( n _i) xrl - The 
matrix is a square matrix of size (n — 1) X (n — 1) and is given by 



^ = (m«) 



rru,j, si j < k 
rrn,j+i si j > k 



(6) 



Proposition 7. If we consider M = (m ij ) (n _ 1) xn , then fe (fc) = M (n k+1) J n -i, for 
l<k<n. 



Proof. We know that M = MJ n , that is, (friij) = (mi.„_j + i), 1 < j i < n. Therefore 

fe« = (tnwy. 



mij, si j < fc 
si J > fc 



mi,n-j+i, si j < fc 
nii.n-y+ij+i si j > fc 



On the other hand, 

M (n-> 

Now, we obtain 



15 - Hr fc+1) ) 



mij, si j < n — k + 1 
mij+i si j > n — fc + 1 



(7) 



M («-*+l) Jn 



1 i,(n-l)-j + l 



m,ij n -j) , sin — j < n — fc + 1 



"'« 

mi 
mi 



( n -i)+i sin-j>n-fc + l 

(n-j), si j > fc - 1 
(n-j)+l si j < fc - 1 

n-j,sij>fc = ^(fe) 
„_ J+ i si j < fc 



□ 



The following proposition is a generalization of one result presented in [5] , where was 
analyzed the reversing of the vector product in R 3 . 

From now on, for suitability we denote M = (Mi, M 2 , . . . , M n -i), i.e., M is the matrix 
that has as rows the vectors Mi, M 2 , . . . , M n -i, thus we obtain 

fe = (til, M 2 , fen-l) • 

In the same way, for suitability we write 

SUl= x (fe\, fe 2 , fe„_i) . 

Proposition 8. The generalized vector product of Mi, being 1 < i < n — 1, satisfies 



{-!)— x (Mi, M 2 , . . . , M„_i) , n = 2fc 



Mr 



x(Mi, M 2 



M„ 



n = 2k - 1 



fc e 



Proof. For suitability we denote A/ = (Mi, M2, . . . , M„_i), i.e., M is the matrix that has 
as rows the vectors Mi, M2, . . . , M n _i, thus we obtain 

fe = (Mi, fe 2 , fe„_ : 

In the same way, for suitability we write 

£01= X (fe\, fe 2 , fen- 
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Now, applying the generalized vector product we obtain 



and for instance, 

an = I 



: £(-l) fc+1 det(feM) efe 

fc = l 

n 

- ^(-l) fe+1 det(M ( - fc+1) J„-i)e fc 
fe=i 

: J2(- 1 ) k+ldet ( M{ "~ k + 1)j ^)^ 

n 

: J2 (-!) fc+1 det (M ( "- fc+1) ) det (J„_r) e fc 

n 

= det (J n _0 ^ det (M (fe) ) e n _ fe+1 

fc = l 

: det (Jn-i) £ (-l) fc+1 det (Af (fe) ) e„_ fc+1 

fe=l 

: det (J n _0 f £ (-l) fc+1 det (A/ (fc) ) e fe j J n 

: (-l) n+1 det(J„_i)(x(Mi, M 2 , M„-i)) 

(-i) 12 ^ 1 ^ (x (A/ 1; A/ 2 , M„_!)) , n = 2fc 

(_!)«+! (-1)^ (x (A/ l5 A/ 2 , A/„_i) ) , n = 2* - 1 

(-1)* (x(A/!, M 2 , Af„_i)) , n = 2fc 
(-1)^ (x (A/i, A/ 2 , A/„_i) ) ,n: 



= 2fc - 1 



□ 



If Af is a palindromic matrix, then the minors have at least 1 pair of equal 

n — 1 

columns when n is even and respectively — 1 when n is odd. This implies that for 

n > 4, the minors have at least one pair of equal columns and for instance det (m«) 
= for all 1 < k < n and so 

x (Mi, M a , M„_i) = OGR". (8) 

This means that the generalized vector product of [n — 1) palindromic vectors in R n 
is interesting when 1 < n < 3. The same result is obtained when we assume M as an 
antipalindromic matrix. 

Final Remarks 

When we consider the exterior product for k n — 1, the previous results cannot be 
applied due to in general they are not true. To illustrate it, we present the following 
example. 

Example 9. Consider the vectors (2,3,-1,5) and (4,7,2,0) in R 4 . In this case, 

, 2 3 -1 5 \ *j ( 5 -1 3 2 

4 7 2 ) ° nrf ^ = I 2 7 4 



SOME REMARKS ON A GENERALIZED VECTOR PRODUCT 



9 



As we have seen before, 

(2, 3, -1, 5) A (4, 7, 2, 0) = (-10, 35, 13, 20, 8, -2) 

Therefore 

(5,-1,3,2) A (0,2, 7, 4) = 

5 -1 







5 


3 




5 


2 





7 


es — 





4 



+ 


-1 3 




-1 2 


e 2 + 


3 2 


2 7 


e:i - 


2 4 


7 4 


-( 


10)e 6 + (35)e 5 - 


- (20)e 4 + 


(-7- 


- 6)e 3 - 



e4 + 



f-i 



(-4 - 4)e 2 + (12 - 14)ei 
= (-2,8,-13,-20,35,-10). 

Thus, in general, the exterior product does not satisfies 

/\U = (-l) p /\t7, for some p G Z. 

Finally, although this paper is presented in a didactic way, there are original results 
corresponding to the relations between the reversing operation and the generalized vector 
product. 



Acknowledgements 

The first author is partially supported by MICIIN /FEDER grant number MTM2009- 
06973 and by Universidad del Norte. The second author is supported by Pontificia Univer- 
sidad Javeriana. The third author is partially supported by Universidad Sergio Arboleda. 
The authors thanks to the anonymous referees by their useful comments and suggestions. 



10 



P. ACOSTA-HUMANEZ, M. ARANDA, AND R. NUNEZ 



References 

[1] P. Acosta-Humanez, A. Chuquen & A. Rodriguez, Pasting and Reversing operations 
over some rings, Boletm de Matematicas, 17, (2010) 143-164 

[2] P. Acosta-Humanez, A. Chuquen & A. Rodriguez, Pasting and Reversing operations 
over some vector spaces, Preprint (2011) 

[3] M. Aranda & R. Nunez, The Cramer's rule via generalized vector product over R n 
(Spanish), Universitas Scientorum, 8, Investigaciones Matematicas (2003), 13-15. 

[4] J. Harris, Algebraic Geometry, A First Course, Springer, New York, (1992) 

[5] W. V. D. Hodge & D. Pedoe, Methods of Algebraic Geometry, vol I, Cambridge Uni- 
versity Press, (1994) 

[6] S. Lang, Linear Algebra , Undergraduate Texts in Mathematics, Springer, New 
York (1987). 

[7] M. Marmolejo, Vector product over R"; The Lagrange's general identity (Spanish), 
Matematicas ensenanza universitaria, vol. 3 (1994), 109-117. 

[8] J. Olivert, Structures of multilinear algebra (Spanish), Universidad de Valen- 
cia, Valencia, (1996). 

Primitivo Acosta-Humanez 
Departamento de Matematicas y Estadi'stica 

Universidad del Norte 
Barranquilla, Colombia 
e-mail: pacostahnmanezOuninorte . edu . co 

Moises Aranda 
Departamento de Matematicas 
Pontificia Universidad Javeriana 
Bogota, Colombia 
e-mail: maranda® j aver iana . edu . co 

Reinaldo Nunez 
Escuela de Matematicas 
Universidad Sergio Arboleda 
Bogota, Colombia 
e-mail: reinaldo .nunezOusa. edu. co 



